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Fracture in heterogeneous media is still an open topic in the research community. One of the main rea-
sons is the fact that cracks may occur in widely different length scales. While microcracks can be satis-
factorily modeled by a loss in the tangent moduli tensor without considering the microcracks explicitly,
such as in continuum damage models, macrocracks cannot be accurately modeled unless a discontinuity
is explicitly considered. This is especially true in wave problems, since reﬂection or transmission of the
waves is greatly affected by the presence of a discontinuity. Furthermore, the (scale) transition of micro-
cracks into macrocracks is a key mechanism that must be considered in order to accurately model frac-
ture in heterogeneous materials. This paper presents a two-way coupled multiscale approach for
modeling fracture in heterogeneous viscoelastic media and proposes a scheme to account for the transi-
tion of microcracks into macrocracks. The model has been implemented into a ﬁnite element code and
numerical results are shown for demonstration purposes.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
The need for economically feasible and efﬁcient applications
has increased signiﬁcantly the complexity of engineering struc-
tures. As the complexity of applications increase, more complex
materials need to be designed, as most materials found in nature
do not have the desired features. For example, in the aerospace
industry, high-strength and low-weight ﬁber-reinforced compos-
ites are used to minimize fuel consumption and still satisfy the
minimum structural design criteria. In military applications, highly
dissipative viscoelastic polymers are combined with high-strength
ﬁbers in order to produce materials that can be used in protective
devices, such as tank armor and soldier helmets.
The idea is to combine different materials with different proper-
ties and produce a third material that meets the design require-
ments, and which is inherently heterogeneous. In fact, all
materials in nature are heterogeneous because matter is composed
of an assemble of discontinuous particles, i.e., atoms and mole-
cules. Furthermore, the properties of the individual constituents
and their interaction determines the behavior of the heteroge-
neous composite materials.
Therefore, models that can account for these microstructural
details are of extreme importance in the design of compositell rights reserved.
. Souza), allendh@utpa.edumaterials and structures. One of the most promising approaches
are the so-called two-way coupled multiscale models (Feyel and
Chaboche, 2000; Fish and Shek, 2000; Kouznetsova et al., 2004;
Souza and Allen, 2010b), which can calculate the homogenized
properties of heterogeneous media based on classical homogeniza-
tion techniques as long as a Representative Volume Element (RVE)
exists for the material under consideration. For discussions on the
deﬁnition of an RVE, a number of manuscripts are available in the
literature, of which only a few are cited herein (Hill, 1963; Hazanov
and Huet, 1994; Huet, 1997; Helms et al., 1999; Allen, 2001; Osto-
ja-Starzewski, 2002; Swaminathan and Ghosh, 2006; Swamina-
than et al., 2006).
Two-way coupled multiscale models are especially promising
for cases where the microstructure evolves in time and/or is his-
tory-dependent, such as viscoelastic composites (Souza, 2009; Sou-
za and Allen, 2010b). An example of evolving microstructure is the
case where microcracks initiate and propagate thus changing the
geometry of the microstructure. In such cases, the homogenized
properties of the composite cannot be determined a priori, using
classical homogenization theory (Eshelby, 1957; Hill, 1963; Ha-
shin, 1964; Hill, 1965; Allen and Yoon, 1998), for example, as the
evolution of the microstructure is governed by the loading history
at each particular point in the global scale continuum, which is
unknown prior to actually performing the analysis. Similarly, con-
tinuum damage models are not expedient for such cases, as the
material parameters need to be calibrated for each particular
loading history (Lemaitre, 1996; Kumar and Talreja, 2003).
Fig. 1. Schematic representation of a two scale IBVP. Dashed line on global scale
object indicates a discontinuous band.
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applications, the ability to predict fracture in heterogeneous mate-
rials is fundamental. In structural applications, the amount of dam-
age needs to be controlled to a minimum in order to avoid
catastrophic failure. In military applications, on the other hand,
fracture needs to be accurately accounted for since it is one of
the main mechanisms of energy dissipation.
In general, the fracture process in heterogeneous materials oc-
curs concomitantly in multiple length scales. Even though cracks
may co-exist in widely different length scales, the energy dissi-
pated in the different length scales may be of the same order of
magnitude. In general, an statistically homogeneous ﬁeld of micro-
cracks can be modeled by a reduction in the material tangent mod-
uli tensor, as is assumed in continuum damage models (Lemaitre,
1996; Kumar and Talreja, 2003) and in multiscale (homogeniza-
tion) models proposed in the literature (Ostoja-Starzewski, 1998,
1999; Allen and Searcy, 2006; Souza et al., 2008; Souza and Allen,
2010b). As a result, none of these models can accurately analyze
problems where macrocracks develop on the global scale object
as a consequence of coalescent microcracks.
The present work proposes a scheme to model the transition of
microcracks into macrocracks in heterogeneous viscoelastic solids
based on the two-way coupled multiscale model previously devel-
oped by the authors. The approach is developed in such way that
the localization of microcracks is modeled as a continuous process.
The model has also been implemented in a computational Finite
Element in-house code and some numerical example problems
are shown.
2. Two-way coupled multiscale approach
It is commonly observed that the overall behavior of heteroge-
neous materials is strongly affected by the mechanical properties
of the individual constituents as well as by geometrical character-
istics, such as volume fraction, shape, size, spatial orientation and
distribution of particle. Multiscale models intend in one way or an-
other to consider some or all of these important design variables as
efﬁcient and accurate as possible.
The concurrent solution of Initial Boundary Value Problems
(IBVP) of selected length scales is considerably advantageous, espe-
cially when formation and growth of cracks is considered, since the
evolution of the microstructure is necessarily both spatially and
time dependent.
Multiscale models are natural extensions of the classical
homogenization theory. While the classical homogenization theory
aims to determine the homogenized constitutive behavior of heter-
ogeneous materials by solving an IBVP a priori for a well-deﬁned
RVE (Eshelby, 1957; Hill, 1963; Hashin and Shtrikman, 1963; Allen
and Yoon, 1998), multiscale models, on the other hand, determine
the effective constitutive behavior of the RVE simultaneously
throughout the analysis (Feyel and Chaboche, 2000; Fish and Shek,
2000; Allen, 2001; Souza et al., 2008).
Besides the assumption of the existence of a RVE, both ap-
proaches also assume separation of length scales, so that each scale
can be analyzed separately and linked through homogenization
techniques (Bakhvalov and Panasenko, 1984; Nemat-Nasser and
Hori, 1999; Allen, 2001). Recently, Kouznetsova (2002) has allevi-
ated the assumption of wide separation of length scales by apply-
ing not only the deformation gradient but also its gradient to the
RVE boundary, thus including the size of the RVE as a model vari-
able. In the present work, continuummechanics is also assumed to
hold in each and every length scales considered in the problem in
order to avoid atomistic-continuum bridging issues, thus limiting
the range of applications of such approach.
The multiscale approach to be used in the present study is the
one presented in Souza and Allen (2010b). In the cited works, aconsistent physics-based approach has been developed which al-
lows the computation of the homogenized incremental constitu-
tive tensor and the so-called history-dependent stress term of
heterogeneous viscoelastic materials containing evolving micro-
cracks. Furthermore, the approach developed therein is two-way
coupled in the sense that the loading applied on the boundary of
the RVE is obtained from the solution of the global scale problem
(global-local coupling) and the constitutive properties used in the
global scale are determined by homogenizing the solution of the
local scale IBVP (local-global coupling). Even though the approach
formulated in Souza and Allen (2010b) accounts for inertial effects,
the present work considers quasi-static conditions only.
Fig. 1 shows a statistically homogeneous object at the global
scale but microscopically heterogeneous, where the microstruc-
ture may contain inclusions as well as growing cracks. In the pres-
ent work, superscripts refer to a scale index, where 0 refers to the
global scale and 1 refers to the local scale, Vl, @VlE and @V
l
I are the
volume, external and internal boundary surfaces of scale l, respec-
tively, ‘l is the length scale associated with scale l and ‘lc is the
length scale associated with the cracks at scale l.
The dashed line shown in Fig. 1 (in the global scale object) indi-
cates a localized band with discontinuous deformation ﬁeld. Most
multiscale models, such as that proposed by the authors in Souza
and Allen (2010b), assume a statistically homogeneous ﬁeld of
microcracks, being thus limited to cases where microcracks do
not localize as a band of discontinuous deformation in the global
scale. Belytschko and Song (2010) proposed a multiscale model
that attempts to account for the transition of microcracks into
macrocracks, but only a single microcrack is considered, as op-
posed to a ﬁeld of microcracks. Other researchers have also dis-
cussed the problem of localization of microcracks (Nguyen et al.,
2010) and have also proposed computational homogenization ap-
proaches to study this problem (Massart et al., 2007; Mercatoris
and Massart, 2009; Verhoosel et al., 2010; Nguyen et al., 2011).
Hirschberger and collaborators (Hirschberger, 2008; Hirschber-
ger et al., 2009) recently proposed a higher order multiscale ap-
proach based on a micromorphic continuum theory for interfaces
and material layers. However, the cited works assume pre-existent
interfaces and material layers and therefore do not account for the
transition of arbitrary ‘‘clouds’’ of microcracks into macrocracks,
which is the main focus of the present work.
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(2010b), the introduction of a localization quantity, k1ijk, relating
the local displacement ﬁeld to the deformation on the external
boundary of the RVE is a key feature that allows the computation
of the full homogenized anisotropic tangent constitutive tensor,
which can be numerically obtained by solving the local scale IBVP
only once (Souza and Allen, 2010b). In the case of viscoelastic
materials, the following incremental constitutive relation has been
used in Souza and Allen (2010b)
Dr0ij ¼ C0ijklðtÞDe0kl þ DrR0ij ð1Þ
where
C0ijkl ¼
1
V1
Z
V1
C 01ijkl þ C01ijpq
1
2
k1pkl;q þ k1qkl;p
   
dV ð2Þ
DrR0ij ¼
1
V1
Z
V1
C 01ijklDe
R1
kl þ DrR1ij
 
dV ð3Þ
where C0ijklðtÞ is the homogenized instantaneous (tangent) constitu-
tive tensor evaluated at the previous time step t, and DrR0ij is the so-
called homogenized history-dependent stress term, which repre-
sents the rate-dependence in the material (both bulk and cohesive
zones) behavior and is recursively computed at each time step. Note
that C0ijklðtÞ is a function of time through its dependence on the
amount of damage accumulated at the local RVE, thus producing
a nonlinear behavior at the global scale. The reader is referred to
Souza (2009), Souza and Allen (2010b) for a complete description
of this two-way coupled multiscale model and its corresponding
Finite Element formulation.
2.1. Boundary conditions for the microscale IBVP
In most multiscale models reported in literature, periodic (Feyel
and Chaboche, 2000; Kouznetsova et al., 2004; Fish and Yuan,
2005) and linear (Souza and Allen, 2010a,b) displacement bound-
ary conditions are vastly dominant, perhaps because of its easy
numerical implementation.
However, displacement boundary conditions are not appropri-
ate when a crack approaches the external boundary of the RVE be-
cause this type of boundary condition would arrest the crack, as
well noted in Belytschko and Song (2010). Belytschko and Song
(2010) then decided to switch from prescribed displacement
boundary condition to prescribed traction boundary conditions
only in the neighborhood of the crack. This approach would how-
ever be cumbersome if multiple cracks exist in the RVE. To avoidFig. 2. Idealization of localization process. Dashed lines indicate localized band.this problem, in the present work, traction boundary conditions
are applied on the entire external boundary of the RVE.
Discussion on the appropriateness of different boundary condi-
tions applied to the RVE have been presented in a number of refer-
ences (see Ostoja-Starzewski, 1998; Hori and Nemat-Nasser, 1999;
Huet, 1999).3. Idealization of fracture process in heterogeneous media
In this section, a particular idealization of the fracture process in
heterogeneous media is described. The understanding of such ide-
alization is of great importance to the development of the two-way
coupled multiscale approach to be proposed in the present
manuscript.
Consider a structure made of heterogeneous media. Even
though the material may be statistically homogeneous at the glo-
bal length scale, the presence of local scale heterogeneities, which
may be inclusions or defects, induce stress concentration that may
favor initiation of cracks in the smaller scales, herein denoted
microcracks. Consider that these microcracks are initially scattered
(statistically homogeneous) throughout the RVE. The presence of
scattered microcracks can generally be modeled as a loss of tan-
gent moduli at the larger length scales, as reported in Souza and
Allen (2010b) and in continuum-damage models.
Now suppose that these microcracks propagate and eventually
coalesce into a crack of length comparable to the RVE length scale,
‘1. The localization (coalescence) of microcracks in certain regions
of the global scale object could be caused by stress concentrations,
existence of micro-defects, or a combination of both. This process
is depicted in Fig. 2.
At this point in the fracture process, a region of discontinuous
deformation has formed (discontinuous band) and a discontinuity
needs to be considered at the global length scale. In Belytschko and
Song (2010), a crack (traction-free surfaces) is inserted in the glo-
bal scale object as soon as a crack (traction-free surfaces) initiates
in the local scale RVE. In the approach here proposed, a ﬁeld of
microcracks is considered. Furthermore, viscoelastic materials are
herein considered, which generally develop cohesive zones (frac-
ture process zones) before traction-free surfaces (cracks) are cre-
ated. Therefore, at the moment of localization (coalescence of
microcracks or cohesive zones) it is likely that the local scale mate-
rial can still carry load, as the RVE may not be fully split in two
(stress-free) parts.
One can then view this region of material with a developing
localized band, represented by a particular RVE, as a cohesive zone
at the global scale object, which will eventually develop into a
(traction-free) crack. This is a key feature explored in the present
work which allows continuity in the fracture process to be
modeled.3.1. Cohesive zone models
In the proposed approach, crack propagation in both global and
local scales is modeled by cohesive zone models. Cohesive zone
models have been introduced by Dugdale (1960), Barenblatt
(1962), and for viscoelastic media, by Knauss (1972), Schapery,
1975a,b,c, and Chudnovsky and Moet, 1986.
The main shortcomings of cohesive zone models are essentially
related to the difﬁculty to measure directly the material parame-
ters necessary to characterize a particular cohesive zone model
and to the fact that, in the conventional ﬁnite element scenario,
cohesive zone models are normally deployed in such a way that
the cracks can only propagate along the boundaries of the elements
(unless a remeshing technique or the extended ﬁnite element
method Moës et al., 1999 is used).
Fig. 3. Depiction of the micromechanical viscoelastic cohesive zone model (Allen
and Searcy, 2001a).
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conveniently deployable into ﬁnite element codes and they can
be formulated in such a way that the fracture phenomena in some
media, especially inelastic ones, can be captured more accurately
than other approaches. For example, it is often observed in visco-
elastic media that the energy release rate required for crack exten-
sion may be rate dependent. In the current model, different
cohesive zone models are used for the global scale object and the
local scale RVE.
3.1.1. Cohesive zone model used in local scale–scale 1
For the RVE, the micromechanical viscoelastic cohesive zone
model developed by Allen and Searcy (2001a) is used. Allen and
Searcy (Allen and Searcy, 2001a; Allen and Searcy, 2001b) have
developed a cohesive zone model for viscoelastic media that is
inherently two scale in nature in that it utilizes the solution to a
microscale scale continuum mechanics problem, together with a
homogenization theorem to produce a cohesive zone model on
the next larger length scale. The model has also been shown to
be consistent with the fact that the viscoelastic cohesive zone
may require a nonstationary critical energy release rate in order
for a crack to propagate (Knauss, 1970; Christensen, 1979; Cost-
anzo and Allen, 1993, 1995; Yoon and Allen, 1999).
As shown in Fig. 3, the cohesive zone ahead of a crack tip in
scale 1 is postulated to be represented by a ﬁbrillated zone that
is small compared to the total cohesive zone area. The length scale
of this IBVP is one length scale below that of the smallest local
scale required in the multiscale problem.
The solution to this IBVP has been obtained by homogenization
(Allen and Searcy, 2001a), thus leading to the following traction-
displacement relation in the cohesive zone
t1i ðtÞ ¼ ½1 a1ðtÞ
1
k1
d1i
dI1i
tf1i þ
Z t
0
E1c ðt  sÞ
@k1
@s
ds
" #
ð4Þ
where E1c ðtÞ is the uniaxial viscoelastic relaxation modulus of the
undamaged cohesive zone material, d1i is the crack openingdisplacement vector in the coordinate system aligned with the
crack faces, dI1i is a material length parameter, k
1 is the Euclidean
norm of the crack opening displacement vector (which is not to
be confused with the third-order localization tensor previously
mentioned), tf1i is the value of traction at which the cohesive zone
initiates, and a1(t) is the damage parameter, which in this case
degenerates to a scalar, deﬁned by
a1ðtÞ  A
cz
0 
Pnf
k¼1A
f
kðtÞ
Acz0
ð5Þ
where Acz0 is the undamaged plan-form cross-sectional area of a rep-
resentative area of the cohesive zone, AfkðtÞ represents the cross-sec-
tional area of the kth ﬁbril, and nf is the number of ﬁbrils contained
in the representative area. It can be seen that when all of the ﬁbrils
in a representative area fracture, the damage parameter a(t) ap-
proaches unity and the traction vector in Eq. 4 becomes zero, there-
by inducing crack propagation. Note that the damage parameter,
a1(t), is a natural byproduct of the homogenization process linking
the microscale to the next larger scale. The damage evolution is
however often assumed to follow a phenomenological law (Yoon
and Allen, 1999; Allen and Searcy, 2001a) given by
_a1 ¼ a½k1ðtÞm when _k1 > 0 and a1 < 1 ð6Þ
_a1 ¼ 0 when _k1 > 0 and a1 < 1 ð7Þ
where a and m are microscale phenomenological material con-
stants, to be calibrated according to some experimental and/or
numerical procedure.
In incremental form, one can then write Eq. 4 as Seidel et al.
(2005)
Dt1i ¼
½1 a1ðt þ DtÞ
dI1i
E10c Dsu
1
i tþ DtR1i ð8Þ
where E10c is a deﬁned incremental (tangent) modulus, su
1
i t is the
jump displacement vector across the cohesive zone surfaces and
DtR1i is a history-dependent incremental traction vector. The exact
deﬁnition of such quantities and further details about the time-wise
incrementalization of the viscoelastic cohesive zone model can be
found in Allen and Searcy (2000), Foulk et al. (2000), Seidel et al.
(2005), Zocher et al. (1997). Note however the resemblance be-
tween Eqs. 1 and 8.
Since cohesive zone elements may introduce additional compli-
ance to the ﬁnite element mesh prior to crack initiation (in the con-
ventional approach without any treatment, such as Lagrange
Multipliers) and increase the maximum bandwidth of the sparse
stiffness matrix, an algorithm is used to automatically insert cohe-
sive zone elements (Souza and Allen, 2010a,b) into the RVE ﬁnite
element mesh at the moment in time at which the criterion for
cohesive zone initiation is satisﬁed:
t1i ðtÞP tf1i ð9Þ
For a given solution step, the stress tensor is computed at every
node in the mesh and then the traction vector t1i ðtÞ is computed
for every elemental edge sharing that node using Cauchys formula
t1i ¼ r1jin1j
 
. If Eq. 9 is satisﬁed for some edge node, this node is
doubled and a cohesive zone element is then created for the new
surface. After a new node has been created, the Cuthill-Mckee algo-
rithm (Cuthill and McKee, 1969) is executed to renumber the nodes
in such a way to minimize the maximum bandwidth. It is notewor-
thy to say that Lagrange multipliers are used to apply displacement
constraints in the cohesive zone elements so that node interpene-
tration is precluded.
Also note that if one inserts cohesive zone elements everywhere
in the mesh a priori, the stiffness matrix will have its maximum
size from the beginning of the simulation, thus increasing the time
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the ﬂy is computationally more efﬁcient, at least in the beginning
of the simulation.
This algorithm is similar to the one introduced by Camacho and
Ortiz (1996), but while Camacho and Ortiz (1996) developed an
algorithm based on 6-noded triangle elements where the crack ini-
tiation ﬁrst occurs at midside nodes of the element and can then
propagate to the edges, the algorithm herein used, on the other
hand, checks the crack initiation criterion for every node in the
mesh and therefore is not limited to quadratic elements.Fig. 4. Schematic representation of a multiscale cohesive zone.3.1.2. Cohesive zone model used in global scale–scale 0
For the cohesive zones inserted on the global scale object, a con-
current two-way coupled multiscale approach is adopted. There-
fore, the microstructural geometry of the cohesive zone is
explicitly modeled, as shown in Fig. 1. A similar approach has been
used by Hirschberger et al. (2009) to model pre-existent interfaces
and material layers.
Consider a (3-noded triangle) ﬁnite element with a local RVE at-
tached to its integration point. This RVE governs the constitutive
behavior of all points that deﬁne the volume of that triangular ﬁ-
nite element. A localized band may form in that RVE with an arbi-
trary normal vector deﬁning its orientation. Therefore, it makes no
sense to insert a cohesive zone along the edges of the triangle ﬁnite
element, as the normal vector to the element edge would likely not
match the arbitrary normal vector to the localized band. A reme-
shing technique could be used to force ﬁnite elements edges to
align with inserted discontinuities, but this would require a huge
implementation effort and would uncover further issues regarding
interpolation of internal variables, and the geometry of the RVE it-
self, to the newly created integration points.
To overcome this problem, the eXtended Finite Element Method
(XFEM) developed by Belytschko and collaborators (Belytschko and
Black, 1999; Moës et al., 1999; Belytschko et al., 2001) is herein
used to model arbitrary discontinuities inside ﬁnite elements.
Regarding the formulation of the XFEM for cohesive zones, the for-
mulation developed by Wells and Sluys (2001b) is followed.
In the present work, the cohesive zones in the global scale mesh
are also inserted automatically as soon as a deﬁned criterion is sat-
isﬁed. The cohesive zone is inserted in such way that it passes
through the original integration point for which a localized band
has been identiﬁed in the corresponding RVE. The normal vector
to the global scale cohesive zones is deﬁned as an average of the
normal vectors to cohesive zones created in the corresponding
RVEs. The length of the cohesive zones in the global scale mesh
is set such that the entire element is cut by the cohesive zone. Fur-
ther details will be given in the following sections.4. Computational multiscale model for global scale cohesive
zones
In this section, a detailed description of the proposed two-way
coupled multiscale model is given. The model is formulated under
inﬁnitesimal kinematics, but it may be easily extended to large
deformation scenarios. In summary, the idea of the proposed mod-
el is simply to insert a cohesive zone in the global scale as soon as a
localization criterion is satisﬁed, where the constitutive behavior
of the cohesive zone is also governed by an RVE (see Fig. 4). A dis-
cussion about the chosen localization criterion will be given in a
separate sub-section and details regarding the insertion of discon-
tinuities is further discussed in Section 6.
Once a localized band forms in the global scale object, the
mechanics of that localized region no longer follows the same path
as points in the continuum (bifurcation process). Regarding the
kinematics of the localized band, the following deﬁnition for thestrain tensor is used (Larsson et al., 1993; Steinmann and Betsch,
2000; Hirschberger et al., 2009)
e0ij ¼
1
2h0c
su0i tn
0
j þ su0j tn0i
 
ð10Þ
where su0i t is the cohesive zone opening displacement at global
scale, n0j is the normal vector to the cohesive zone at global scale
and h0c is a length parameter representing the width of the localized
band, which is not a model input parameter, being instead calcu-
lated from the RVE geometry. Based on the work of Hirschberger
et al. (2009) which uses the height of the RVE as the global scale
length parameter, h0c is here deﬁne in general form as
1
h0c
 1
V1
Z
@V1E
1
2
jn1kn0k jdS ð11Þ
where the integral over the external boundary of the RVE represents
the (vectorial) area of the external boundary projected onto ~n0.
Noting that the cohesive zone RVE follows a constitutive behav-
ior that can be described by Eq. 1, using Cauchy’s formula,
t0i ¼ r0jin0j and substituting Eq. 10, it follows that
Dt0i ¼
1
h0c
n0j C
0
jiklðtÞ
1
2
ðsDu0ktn0l þ sDu0l tn0kÞ
 
þ DtR0i ð12Þ
Since C0ijkl is symmetric in kl, the equation above may be rewritten as
Dt0i ¼ k0ijsDu0j tþ DtR0i ð13Þ
where
k0ij 
1
h0c
n0pC
0
pijqn
0
q ð14Þ
DtR0i  DrR0ji n0j ð15Þ
Eq. 13 is thus the homogenized traction-displacement relation (in
incremental form) for the cohesive zone at the global scale object,
where C0ijklðtÞ and DrR0ij are computed using the original Eqs. 2 and
3, respectively. It is noteworthy to say that the cohesive zone model
presented in this manuscript carries the same ideas as that devel-
oped by Allen and Searcy (2001a). However, while the latter makes
assumptions about the geometry of the RVE to obtain an analytical
traction-displacement relationship, the model herein developed can
consider arbitrary geometry for the microstructure and therefore
needs to be solved numerically.
Fig. 6. Initiation (propagation) of cohesive zones in the global scale mesh using
XFEM. Ticker lines represent a discontinuity and the dashed line indicates the
newly created cohesive zone segment. stands for enriched nodes and  stands for
non-enriched nodes.
Fig. 5. Cohesive zone insertion at global scale elements, V0e . The original integration
point is marked with ; new integration points associated with the bulk of the
element are indicated by j; and integration points associated with the cohesive
zone are represented by .
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Finally, a criterion needs to be deﬁned which determines
whether a localization process is about to take place. Many
researchers have studied and proposed different approaches to
model the phenomenon of localization in plasticity and fracture,
with most works based on the study performed by Rice and Rudn-
icki (1980). The most commonly used criteria are the maximum
principal tensile stress (Wells and Sluys, 2001b; de Borst et al.,
2006) and the loss of ellipticity, or hyperbolicity if dynamic effects
are considered (Oliver, 1996; Wells and Sluys, 2001a; Belytschko
et al., 2003).
In the present work, both criteria are used. A maximum normal
and tangential traction criterion is used to determine whether
cohesive zone elements are inserted along the edges of the local
scale meshes, as previously noted. For the global scale object, a cri-
terion similar to the loss of ellipticity is used, but instead of using
the singularity condition of the acoustic tensor, Qij  npCpijqnq, com-
monly used for elastic and elasto-plastic materials, the following
condition is adopted:
det½Q0ijðtÞ 6 Xc det½Q0ijðt ¼ 0Þ ð16Þ
where Q0ijðtÞ is the acoustic tensor at a particular material point de-
ﬁned in terms of the tangent homogenized constitutive tensor
C0ijklðtÞ for viscoelastic media, deﬁned in Eq. 2; and Xc is a critical per-
centage number, to be determined for each material.
Even though the loss of ellipticity is a criterion commonly used
for elastic and elasto-plastic materials, localization criteria for vis-
coelastic materials are not well-established in the literature, at
least to the authors’ knowledge. Thus, the reason for using the re-
laxed condition of loss of ellipticity described in Eq. 16 is simplicity
and ﬂexibility. Note that the classical condition of loss of ellipticity
can be recovered if Xc is equal to zero.
The basic inﬂuence of the parameter Xc is: the lower Xc, the
sooner the discontinuous localized band will be inserted in the glo-
bal scale mesh, i.e., less damage will have accumulated in the local
scale at the time the discontinuous band is inserted in the global
scale mesh.
Other localization criteria based on statistical measures could
be used in replacement to Eq. 16. For example, one could say that
a localization process takes place whenever the standard deviation
of the cohesive zone opening displacements (CZOD) exceeds the
mean CZOD. Another possibility is to track the evolution of the
standard deviation of the distance (projection of the position vec-
tor onto the normal, ~n0) of the discontinuities (cohesive zones
and cracks), since the standard deviation of the distance tend todecrease as localization occurs. Criteria based on statistical mea-
sures often require great amount of computing power, since a large
enough population size is required. Experimental studies are also
needed to test and deﬁne appropriate localization criteria for the
material of interest.
Once it has been determined that localization occurred, the next
important step is to determine the ‘‘average’’ vector normal to the
discontinuity at the global scale, ~n0. In the present work, ~n0 is
determined by minimizing det½Q0ijðtÞ (Wells and Sluys, 2001a).6. Implementation details
Up to the moment where localization is identiﬁed, a computa-
tional multiscale model previously developed by the authors
(Souza and Allen, 2010b) is used. In Souza and Allen (2010b), a
RVE is attached to each integration point (belonging to a multi-
scaled element) in the global scale FE mesh. Due to the presence
of heterogeneities in the RVE, microcracks initiate in regions with
stress concentration. Because of the assumed initial statistical
homogeneity of the RVE, these microcracks are, in general, also
statistically homogeneous at initial stages of crack formation
(before coalescence). Nonetheless, at each time step a measure of
1.0
3.0
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Fig. 7. Simple numerical example used to verify the proposed approach.
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Fig. 8. Results for the uniaxial bar problem, tip displacement rate of 0.001. (a)
Force-displacement curve. (b) Total energy dissipated.
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Fig. 9. Results for the uniaxial bar problem, tip displacement rate of 0.0005. (a)
Force-displacement curve. (b) Total energy dissipated.
 0
 1000
 2000
 3000
 4000
 5000
 6000
 7000
 0  0.05  0.1  0.15  0.2
To
ta
l r
ea
ct
io
n 
fo
rc
e,
 F
0 1
Tip displacement, u01
u
. 0
1 = 0.001; δ
*
1 = h
0
c
h0c = 0.01
h0c = 0.05
h0c = 0.10
no localization
 0
 100
 200
 300
 400
 500
 600
 0  0.02  0.04  0.06  0.08  0.1  0.12
To
ta
l e
ne
rg
y 
di
ss
ip
at
ed
Size of RVE, h0c
u
. 0
1 = 0.001; δ
*
1 = h
0
c
no localization
(a)
(b)
Fig. 10. Results for the uniaxial bar problem, tip displacement rate of 0.001 and
dI1i ¼ h0c . (a) Force-displacement curve. (b) Total energy dissipated.
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deformation eventually satisfy a user-deﬁned critical value at a
particular time step, a cohesive zone is inserted in the global scale
object.
Once a cohesive zone (discontinuity) is inserted through a par-
ticular element in the global scale mesh, the algorithm then
switches to a XFEM formulation for the global scale mesh. Fig. 5
schematically depicts the process of inserting a cohesive zone
through an element. When a discontinuity is inserted in an ele-
ment, triangular subcells are generated for integration purposes
only (Moës et al., 1999; Belytschko et al., 2001), as shown in
Fig. 5. The original integration point is moved to the centroid of
the subcell that is lonely at one side of the discontinuity. Two inte-
gration points are then created and assigned to the centroid of the
other two subcells. These three integration points are herein de-
noted as bulk integration points. Two additional integration points
are also created and placed along the cohesive zone according to
the unidimensional Gaussian rule in order to allow integration of
quantities along the cohesive zone. These are denoted as cohesive
zone integration points.
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Fig. 11. Results for the uniaxial bar problem, tip displacement rate of 0.0005 and
dI1i ¼ h0c . (a) Force-displacement curve. (b) Total energy dissipated.
Fig. 12. Snapshots for the uniaxial bar problem, tip displacement rate of 0.001,
dI1i ¼ 0:01 and h0c ¼ 0:1 at selected times: (a) right before localization, (b) at peak
force and (c) end of simulation. The RVE dimensions are magniﬁed by a factor of 2
and their respective displacement ﬁeld is magniﬁed by a factor of 20. The solid
ticker lines indicate the faces of the cohesive zone that localizes at the global scale
mesh.
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(constant strain) triangular elements are considered for the global
scale mesh. Thus, moving integration points inside an element
does not require further interpolation.
Since the four newly created integration points belong to an ele-
ment that was originally represented by a particular RVE, it makes
sense to simply clone the RVE of the original integration point and
assign these ‘‘clones’’ to the new integration points. Note that at an
inﬁnitesimal amount of time prior to localization, the aforemen-
tioned particular RVE represents all points in the continuum ﬁnite
element. Also note that the RVE at its current stage of damage is
cloned, as opposed to the initial RVE (with no damage).
It is commonly observed that when a localized damaged band
forms in an object, the material outside the band experiences load-
ing at lower rates (when compared to the material inside the band)
thus producing bifurcation of material behavior. In general, this re-
sults in a faster accumulation of damage inside the band and very
slow (or null) damage accumulation outside the localized band. To
model such phenomenon and allow bifurcation of material behav-
ior, when a cohesive zone is inserted at the global scale object, fur-
ther initiation of cohesive zones in RVE’s attached to bulk
integration points are no longer allowed (the algorithm for auto-
matic insertion of cohesive zones in the particular RVE is shut
off) and the already existent cohesive zones have their internal
damage variable, a1(t), frozen, i.e., _a1  0. However, nothing is as-
sumed for the motion in the bulk material, meaning that the mate-
rial (RVE’s) in the bulk may either continue loading or unload,
depending on the converged numerical solution.
6.1. Propagation of the discontinuity
In the eXtended Finite Element Method, special attention needs
to be given to the propagation of the discontinuity through the ele-
ments. In the present research effort, the enrichment of nodes isface (edge) oriented, following the work presented in Asferg et al.
(2007). This means that nodes belonging to a face of an element
are enriched as soon as a discontinuity propagates through that
face.
Regarding the formation of a global scale cohesive zone, two
cases are considered depending on whether there is a discontinuity
in some neighboring element or not. If a cohesive zone initiates in
an element, V0e , and there is no discontinuity in any of its neighbor-
ing elements, V0neighbor , the initiated cohesive zone is deﬁned by the
position of the original integration point of the triangular element
V0e and the average normal vector, ~n
0, computed from the RVE as-
signed to V0e . Besides, the cohesive zone propagates through two
additional neighboring elements with ~n0 computed from the
respective neighboring RVE’s (part (a) of Fig. 6). On the other hand,
if some neighboring element already has a discontinuity, the new
cohesive zone propagates from the existent discontinuity and
therefore is deﬁned by the position of the neighboring tip of the
existent discontinuity and the average normal vector, ~n0, com-
puted from the RVE assigned to V0e (see part (b) of Fig. 6).
Note that since 3-noded (constant strain) triangular elements
are used, the RVE actually represents the material conﬁned in the
entire volume of the ﬁnite element. Therefore, once localization
Table 1
Material properties of constituents used in the numerical validation problem.
Bulk matrix
m1 0.3
i E1i (GPa) q
1
i (s)
1 50 –
1 50 103
2 50 102
3 50 101
4 50 100
5 50 101
Cohesive zones
Fiber-matrix
d1n (mm) 1.0
d1t (mm) 1.0
rf1n (MPa) 0.0
rf1t (MPa) 0.0
A 0.75
m 0.5
E1c ðtÞ same as that given for the bulk matrix
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ated) through the entire ﬁnite element. Also, note that the inser-
tion of cohesive zones in the global scale mesh is also an
automatic process, as well as in the local scale meshes, but differ-
ent approaches are used in the different scales, thus emphasizing
the fact that any appropriate numerical approach can be used in
both scales.
As mentioned before, once a cohesive zone propagates (initiate)
through a ﬁnite element, integration subcells are generated with
new integration points (bulk integration points). Furthermore,
integration points are also created along the cohesive zone (cohe-
sive zone integration points). RVE’s ‘‘cloned’’ from the original inte-
gration point are then assigned to each new integration point. To
model material bifurcation, creation of new surfaces and internal
cohesive zone damage evolution is no longer allowed in RVE’s as-
signed to the bulk integration points, but the motion is not re-
stricted (meaning that the material in the bulk may either
continue loading or unload).
To avoid duplicity, the normal vectors in both scales are deﬁned
restrictively to the angular space 0 < h < p (note that only 2D prob-
lems are considered), where h is the angle between the normal vec-
tor and the horizontal line.7. Numerical veriﬁcation
In this section, a simple numerical example is used to verify the
model presented in the previous sections. Consider a uniaxial bar
discretized in six triangular FE elements, as shown in Fig. 7. The
two elements in the middle section of the bar are selected as mul-
tiscale and the remaining are made inﬁnitely stiff. The support
boundary conditions are depicted in Fig. 7 and two different pre-
scribed displacement rates, i.e., 0.0005 and 0.001, are applied at
the right tip of the bar. Each RVE has two pre-inserted cohesive
zones (shown in thicker lines in Fig. 7) perpendicular to the direc-
tion of loading and traction boundary conditions are applied on the
external boundaries of the local scale RVE’s. Three different RVE
sizes are tested: 0.01, 0.05 and 0.10. Note that in the current model,
the size of the RVE is the actual width of the localized band at the
global scale, h0c . The critical number Xc is herein arbitrarily chosen
to be 0.85 for all simulations.
For each RVE, the bulk material has a Young’s modulus of 1012,
and the pre-inserted cohesive zones have the following properties:
E1c ðtÞ ¼ 105 þ 4 105et ; dI1n ¼ dI1t ¼ 0:01;A ¼ 0:025 and m = 0.5,Fig. 13. FE mesh used in the single scale (overkill) analyses (with 4848 nodes).which are the same properties used in Allen and Searcy (2001a).
Units are irrelevant to this example problem. The results for the
case where the proposed localization scheme is not used is also
shown for comparison purposes.
Fig. 8(a,b) present the force-displacement curve and the total
energy dissipated for different RVE dimensions and an applied dis-
placement rate of 0.001, respectively. The results obtained for the
case where no localization scheme is used is also shown. It can
be seen from Fig. 8 that the wider the localization band, h0c , the
more energy is dissipated during the fracture process. Also, the
smaller h0c , the fracture process becomes more brittle even though
a viscoelastic cohesive zone model is included. Fig. 9 presents
equivalent results but for a tip displacement rate of 0.0005, thus
showing the effect of viscoelasticity yielding rate-dependent
fracture.
Note that the local scale cohesive zone material length param-
eters dI1i have been kept constant in the results shown in Figs. 8
and 9, as if it was a material property. However, from the microme-
chanical formulation of the cohesive zone model used herein (Allen
and Searcy, 2001a), one could argue that these material length
parameters are related to the dimensions of the region surrounding
the damaged process zone (or the localization band). However, the
results shown herein are only illustrative so the reader can have a
better feeling of the inﬂuence of these variables.
Figs. 10 and 11 present the results for the case where dI1i are
scaled with the RVE dimensions, and consequently scaled with
the width of the localization band, h0c , i.e., d
I1
i ¼ h0c , for both tip dis-
placement rates. The results show that the total energy dissipated
is slightly smaller for the cases where h0c is larger, but still approx-
imately the same. Moreover, brittle fracture behavior is observed
for small h0c , as expected.
Finally, Fig. 12 presents snapshots for the case where
dI1i ¼ 0:01; h0c ¼ 0:1 and tip displacement rate of 0.001, at selected
times. The RVE dimensions are magniﬁed by a factor of 2 and their
respective displacement ﬁeld is magniﬁed by a factor of 20 to pro-
vide better visualization. The solid ticker lines that appear in
Fig. 12(b,c) indicate the faces of the cohesive zone that localizes
at the global scale mesh.
Note that since traction boundary conditions are used at the lo-
cal scale along with an implicit numerical solution scheme, the lo-
cal scale stiffness matrix will be rendered singular as long as the
RVE is fully broken apart. In order to avoid such numerical spurious
behavior, the local scale RVE is ‘‘shut down’’ as soon as its corre-
sponding homogenized tangent constitutive tensor becomes near
singular, thus producing traction free cracks at the global scale.
Fig. 14. FE meshes used in the multiscale analyses.
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when the determinant of C0ijkl is smaller than 0.1% of its initial
value.
Notice from Fig. 12 that when a localized band forms at the glo-
bal scale, the RVE that represents the bulk material unloads while
the RVE attached to the cohesive zone presents an accelerated
damage accumulation. Animations of the simulations presented
in Fig. 8 are given in Online Supplementary Materials 1–4, where
one can better observe this behavior. All snapshots and animationspresented in this manuscript have been produced in the FE post-
processing software gmsh (Geuzaine and Remacle, 2009).8. Numerical validation
There are basically two ways of validating computational mod-
els: one can either compare the obtained results to available ana-
lytical solutions or compare to other existing numerical solution.
Fig. 16. Crack pattern produced by the multiscale structured and unstructured
meshes at t = 15. Thicker black lines indicate multiscale cohesive zones developed
in the global scale.
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with growing cracks, analytical solutions are very rare. Therefore,
the multiscale model presented in this manuscript is validated
by comparison against a single scale full resolution ﬁnite element
solution, herein referred to as the overkill solution.
The problem considered in this section has been oversimpliﬁed
so that the computational effort in both multiscale and overkill
solutions are minimized, but yet none of the assumptions made
in the development of the two-way coupled multiscale model are
violated. Thus, consider the object shown in Fig. 13. The darker re-
gions are isotropic elastic inclusions with E = 100 and m = 0.3, while
the lighter regions denote an isotropic viscoelastic material with
properties given in Table 1. Cohesive zone elements are pre-in-
serted along the interfaces between the elastic inclusion and the
viscoelastic matrix (CZ properties are given in Table 1). Three dif-
ferent levels of mesh reﬁnement have been used, i.e., 1259, 2674
and 4848 nodes. The mesh shown in Fig. 13 corresponds to 4848
nodes.
Regarding boundary conditions, a displacement rate of 0.01 is
applied to all nodes at the top edge of the mesh, whereas all nodes
at the bottom edge of the mesh are ﬁxed in the y-direction, and all
nodes at the right edge are ﬁxed in the x-direction.
For the multiscale analysis, both global and local scale FE
meshes are shown in Fig. 14. For the global scale mesh, four cases
have been considered, i.e., 212 (structured), 516 (unstructured),610 (structured) and 1118 (structured) nodes. For the local scale
FE mesh, three cases have been tested, i.e., 49, 169 and 255 nodes.
Regarding the localization criterion in the multiscale analyses, a
cohesive zone will be automatically inserted at the global scale
when det½Q0ij is smaller than 5% its initial value, using the XFEM
multiscale computational framework discussed in the previous
sections.
It is important to say that even though the size (height) of the
elastic inclusions may not be much (100 times) smaller than the
height of the object, the simpliﬁed geometry and boundary condi-
tions result in approximately homogeneous boundary conditions
over the boundary of the selected unit cell (Fig. 14(c)), thus satis-
fying the assumptions made in the model. Given that, it is expected
that the results obtained using the model herein proposed will be
in agreement with the results obtained from the full-resolution
(overkill) simulations. Fig. 15 presents the history of r022 evaluated
at the lower left corner node (position-5,-4.5) for the different
meshes, including the mesh convergence study for the overkill
and multiscale simulations.
Note that mesh convergence was achieved for both the full-res-
olution (overkill) and multiscale unstructured meshes. It can be
seen that the unstructured multiscale mesh yielded more accurate
results than the structured one: the structured triangular mesh
overestimates the load-carrying capacity, while the unstructured
triangular mesh captures the entire curve well. Similar results have
been obtained in Asferg et al. (2007) when comparing structured
triangular to unstructured triangular meshes used to simulate
the propagation of a single crack in a standard (no multiscaling)
XFEM scenario.
For this particular case, the structured meshes produced an
undesired asymmetry in the numerical solution, as shown in
Fig. 16, in which the multiscale cohesive zones developed in the
global scale are denoted by the thicker black lines. However, it
can be seen that the multiscale framework and the chosen criterion
for determining the orientation of the macro-crack are still effec-
tive, regardless of the inherent numerical errors associated with
the structured meshes.
Finally, Fig. 17 presents snapshots of the numerical solutions
obtained using both overkill (4848 nodes) and unstructured multi-
scale (516 global nodes and 169 local nodes) meshes, at selected
times. The lines shown in this ﬁgure denote the cohesive zones
in the object. The contour in the solid elements shows the spatial
distribution of r022, while the color map along the lines (cohesive
zones) shown in the overkill results denotes the damage variable,
a1(t), deﬁned for the cohesive zones (see Section 3.1.1). In the case
of the overkill simulation, only the cohesive zones with damage
variable a1(t) greater than 0.6 are shown (when fast growth of
a1(t), i.e., localization of a1(t), is about to occur). The displacement
ﬁeld is magniﬁed by a factor of 2.
An analysis of the results presented in this section suggests that
the computational two-way coupled multiscale framework herein
developed is an accurate and efﬁcient way to model the process of
localization of microcracks in heterogeneous viscoelastic media,
despite the numerical errors inherent to the numerical method
chosen to solve the problem. It is thus interesting to study the per-
formance of such a model in more complex scenarios, as discussed
in the next section.9. Numerical example
In this section, results for a more complex problem are pre-
sented in order to demonstrate the capabilities of the model in
studying multiscale fracture in heterogeneous viscoelastic media.
This problem has been simpliﬁed to an extent that allowed the
main features to be demonstrated but yet minimizing the total
Fig. 17. Pattern of cohesive zones (eventually cracks) produced by the overkill and multiscale simulations at selected times. The lines denote the cohesive zones in the object.
The contour in the triangular elements shows the spatial distribution of r022, while the color in the lines shown in the overkill results denotes the damage variable, a
1(t).
Displacement ﬁeld is magniﬁed by a factor of 2.
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much as possible. Therefore some accuracy has been sacriﬁced
but the results are illustrative of the concepts discussed in the pre-
vious sections.
Even though not shown, independent single scale mesh conver-
gence studies have been performed for both global and local scale
meshes. Unfortunately, when in the multiscale scenario, the more
reﬁned meshes exceeded our current computer infrastructure, so
that coarser meshes have been selected. It is important to say that,despite the importance of mesh convergence studies, this example
problem is shown for demonstration purposes only.
Consider a plate with a hole in the center, as depicted in Fig. 18.
The middle section of the plate is made of a hypothetical viscoelas-
tic composite material, while the end sections are made of a very
stiff elastic material (E = 200  107GPa, m = 0.3). The plate is
100 mm  150 mm and the diameter of the hole is 40 mm. The
composite section of the plate is 100 mm  60 mm. The RVE is
assumed to be 5 mm  5 mm and contains 5 circular inclusions
Fig. 18. Schematic depiction of the plate with hole.
Fig. 19. FE meshes used for (a) the global scale object and (b) the local scale RVE.
Table 2
Material properties of local-scale constituents.
Bulk matrix
m1 0.3
i E1i (GPa) q
1
i (s)
1 100 –
1 50 102
2 50 101
3 50 100
4 50 101
Cohesive zones
Matrix-matrix Fiber-matrix
d1n (mm) 0.1 0.1
d1t (mm) 0.1 0.1
rf1n (MPa) 2,000 500
rf1t (MPa) 10
10 5,000
A 2.5 3.0
m 1.25 1.25
E1c ðtÞ same as that given for the bulk matrix
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cation problems, an statistically homogeneous RVE would have to
be determined for the composite material under consideration. The
ﬁbers are assumed to be elastic with E = 200 GPa and m = 0.3 and
the viscoelastic properties of the matrix as well as the local scale
cohesive zone properties are given in Table 2. Plane stress condi-
tions are assumed. The loading consists of a prescribed constant
displacement rate of 0.1 mm/s. Regarding the localization criterion,
it is herein assumed that a cohesive zone should be inserted at the
global scale when det½Q0ij is smaller than 50% its initial value.
Note that the value of the critical percentage Xc adopted in this
example is different from the value used in the previous example
problems. The reason for using two different values is basically
numerical convergence. Since these are only demonstration prob-
lems and no experimental evidence on the localization phenomena
of the idealized materials has been obtained, the value of Xc that
provided a more stable numerical solution was chosen. Besides,
the authors believe that the value of the critical percentage that
indicates localization depends on the type of material and the
microstructural details, among other factors. Further numerical
and experimental studies are needed in order to better understand
and deﬁne more robust localization criteria.
The FE meshes used in this example problem are shown in
Fig. 19. Symmetry of the global scale specimen has been used to
minimize computational time. The global scale mesh has initially
926 degrees of freedom, but more degrees of freedom are automat-
ically inserted as discontinuities (cohesive zones) are inserted
through the elements using the XFEM approach. A total of 358 ele-
ments have been selected to be multiscaled, for which each inte-
gration point is associated with a local scale mesh (RVE)
(Fig. 19(b)). However, as cohesive zones are inserted in the global
scale elements, the number of RVE’s increases dramatically as
new integration points are created. Each RVE has initially 726 de-
grees of freedom, but this number more than doubles for some lo-
cal scale meshes as cohesive zones are automatically inserted in
the mesh. A time increment of 0.01s has been used for this numer-
ical simulation.
A total of 3,000 steps have been solved in 44.7 hours using a
Dell workstation with 8 Intel Xeon processors at 3.4 GHz each
and 32 GB RAM memory. It is important to note that the initialsteps are solved in a matter of few seconds, but eventually as a
considerable number of nodes is automatically inserted in some
of the local scale meshes the time required to solve each step in-
creases dramatically, even though the optimization algorithm
developed by Cuthill and McKee (1969) is used to minimize the
sparseness of the system of equations.
Snapshots of the simulation are presented in Fig. 20 for selected
times. A few local scale RVE’s are also shown in the referred ﬁgure,
where their corresponding locations at the global scale mesh are
indicated by connecting lines. The RVE dimensions are magniﬁed
by a factor of 3 and their respective displacement ﬁelds are magni-
ﬁed by a factor of 10 to allow a better visualization of the results.
Traction-free cohesive zones at the local scale meshes (a1(t) = 1;
see Eq. 4) are represented by thick lines. For the global scale mesh,
thicker lines represent the faces of cohesive zones (and eventually
traction-free cracks) that have been automatically inserted
through the ﬁnite elements using the XFEM approach.
Fig. 20. Snapshots for selected times: (a) t = 20.75 s, (b) t = 25.00 s and (c)
t = 27.50 s.
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Fig. 21. r022ðtÞ obtained for the bottom left corner node of global scale mesh (see
Fig. 19(a)).
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been highlighted with lines at the local scale meshes in Fig. 20,
but a greater number of cohesive zones elements has been inserted
in some of the local scale meshes, which are not shown for clarity
purposes.It is interesting to observe that the RVE attached to an integra-
tion point in the bulk of (global scale) element 638, unloads as soon
as a cohesive zone is inserted through the element. On the other
hand, the RVE attached to an integration point in the cohesive zone
inserted in global scale element 638 is loaded at a faster rate and
therefore accumulates damage much faster. An animation of the
simulation presented in Fig. 20 is given in Online Supplementary
Material 5, from which the reader can gain a better picture of the
results. Once again, the snapshots and animations of numerical
simulations presented in this manuscript have been produced
using the FE post-processing software gmsh (see Geuzaine and
Remacle, 2009).
Finally, Fig. 21 presents the 22-component of the global scale
stress tensor, r022ðtÞ, obtained for the bottom left corner node
(see Fig. 19(a)), which shows that a point in the elastic support
material (outside the heterogeneous viscoelastic middle section)
unloads as macrocracks propagate through the specimen, as
expected.
It is noteworthy to say that in the current work attempts have
been made to perform single scale overkill simulations (where all
inclusions are explicitly considered in the global scale mesh) of
the problem presented in this section, and other simpler problems.
Unfortunately, these problems exceeded the currently available
computer power. In fact, this shows the importance of the alterna-
tive multiscale approaches in the analysis of highly heterogeneous
materials, especially when the length scales of the global object
and the local microstructure are widely separated. While multi-
scale analyses may still be an approximate solution and time con-
suming in some cases, single scale overkill simulations are often
not possible to be performed at current computational capabilities.10. Conclusions
The present manuscript focused on the development of a two-
way coupled multiscale approach for modeling the transition of
microcracks into macrocracks. Even though linear constitutive
models have been used for the individual microscale constituents,
a nonlinear viscoelastic behavior is obtained for the homogenized
media as a consequence of initiation and growth of microcracks.
The extended ﬁnite element method (XFEM) was used to model
cohesive zones (that eventually become traction-free cracks) in
the global scale object. Even though XFEM can also be used to mod-
el cohesive zones in the local scale meshes, traditional cohesive
zone elements were used instead, but an automatic insertion algo-
rithm was employed to model the initiation of cohesive zones. In
fact, other fracture mechanics models other than XFEM or
3174 F.V. Souza, D.H. Allen / International Journal of Solids and Structures 48 (2011) 3160–3175traditional cohesive zone elements could also be employed. A sim-
ple criterion based on the determinant of the acoustic tensor was
used to determine when localization occurs in a material point,
but more sophisticated criteria may also be implemented. A key
feature of the model is the fact that when localization is identiﬁed,
a cohesive zone (rather than traction-free cracks) is inserted into
the global scale mesh and the RVE representing the material
behavior in the element is ‘‘cloned’’ from the original RVE, but al-
lowed to evolve independently. This allows modeling of fracture
when the constitutive response at localization is not continuous,
i.e., the material outside the localization band behaves differently
from the material inside the band, as it is commonly observed in
experiments. Furthermore, the authors believe that such a compre-
hensive approach is necessary to accurately model the fracture
mechanisms in heterogeneous viscoelastic materials and predict
the energy dissipation associated with it. Details of the model for-
mulation and of its numerical implementation are discussed in this
paper. A simple numerical veriﬁcation problem has then been pre-
sented where the main concepts of the model were illustrated.
Finally, a more complex problem of a plate made of heterogeneous
viscoelastic composite with a hole in its center has been used to
further demonstrate the model.
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